THE EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS
FOR PRECIPITATION FRONTS: A NOVEL HYPERBOLIC FREE
BOUNDARY PROBLEM IN SEVERAL SPACE VARIABLES
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ABSTRACT. The determination of the large scale boundaries between moist and dry re-
gions is an important problem in contemporary meteorology. These phenomena have been
addressed recently in a simplified tropical climate model through a novel hyperbolic free
boundary formulation yielding three families (drying, slow moistening, and fast moisten-
ing) of precipitation fronts. The last two wave types violate Lax’s shock inequalities yet are
robustly realized. This formal hyperbolic free boundary problem is given here a rigorous
mathematical basis by establishing the existence and uniqueness of suitable weak solutions
arising in the zero relaxation limit. A new L?-contraction estimate is also established at
positive relaxation values.

0. INTRODUCTION

The goal here is to prove the existence and uniqueness of weak solutions to a novel hyper-
bolic free boundary value problem in several space variables that has emerged recently in the
analysis of precipitation fronts in the large scale tropical atmosphere ([FMP], [SM], [PFM],
[KM1], [KM2]). Precipitation fronts are the boundaries between the zones of extremely
moist air (with constant precipitation) such as over the Indonesian marine continent, the
Indian ocean, and Western Pacific, and the zones of extremely dry air in the tropics and
subtropics that occur over areas such as the Galapagos islands at the equator or the Arabian
peninsula in the subtropics. An important practical question in contemporary meteorology
for long range weather prediction and climate change projections is what determines the
boundaries of the precipitating fronts as well as their evolution in time. Such assessments
are performed, for example, by the Intergovermental Panel for Climate Change (IPCC) by
running extremely complex general computer models called GCM’s. An important practical
issue with the GCM’s is how they treat moisture and what type of moisture waves do they
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produce at large scales compared with those in nature. This is very subtle. Although the
GCM’s have millions of variables and run on the largest supercomputers, they still have
grid spacings of order 50 km to 200 km. In addition many complex physical processes need
to be parametrized often by adhoc recipes guided by physical intuition. These issues are
discussed in detail in [FMP], [SM], [PFM], and the references there.

A novel mathematical theory of precipitating fronts was put forward in [FMP], [SM],
[PFM] to address the above issues in idealized tropical climate models consisting of a shallow
water system for the temperature, T', and velocity, u = (u, v), coupled with an equation for
the moisture or humidity, ¢, through a relaxation source term P representing the depletion
of moisture through precipitation and the condensational heating of the atmosphere in
making clouds and depending on the type of moisture parametrization. (See [FMP] for a
detailed derivation).

The models are given by the hyperbolic system

u; + B(y)ut = VT,
(0.1) T; — divu = P, in R2x (0,00),
¢ + Qdivu = —P,

where the constant @ in (0.1) represents the background moisture stratification of the

atmosphere, and u' = (—v,u), with initial conditions
(0.2) u=uy, T =Ty ¢=qp.
It is assumed here that
(0.3) the rotation coefficient 5: R — R is smooth and constant for large |y|
and the source term P has the structural form
(0.4) P =c"l9(q—aT — ),

where § is a saturation threshold constant, « is another constant reflecting different ways
to parametrize the moisture process in clouds ([FMP], [SM], [PFM]), ¢ : R — [0,00) is a
smooth approximation to ry = max(r,0), i.e., for some ¢ > 0,

(0.5)

¢ is Lipschitz continuous, vanishes in (—00,0), ¢ > 0 in (0,00) , and ¢(r) = r for r > r.
The energy principles for well- posedness developed in [FMP] lead to the requirements

(0.6) 0<Q<1 and0<a+Q.



Note that, based on additional physical reasoning (see [FMP], [SM], [PFM] and the
references therein), contemporary GCM’s often use either & = 0 or @« = 1 and assume that
the value of € is frozen to give a time scale between 2 and 12 hours.

A novel point of view for atmospheric science developed in [FMP], [SM], [PFM] is to
formally take the zero relaxation limit, ¢ — 0, in (0.1) and to study the type of the emerging
precipitation fronts in order to get analytic insight into the behavior at positive €. This
procedure shows formally that, in the limit ¢ — 0, precipitation fronts are free boundaries
where U = (u, T, q) is continuous across them but VU, which formally solves the hyperbolic
system derived from (0.1), has jumps satisfying the Rankine-Hygoniot-type shock conditions
([M]). These considerations were utilized in [FMP] to build three distinct wave families,
namely drying, slow moistening, and fast moistening precipitating fronts, with the last
two families violating Lax’s shock conditions. Nevertheless, careful numerical experiments
demonstrate (see [FMP], [KM1], [KM2]) and additional mathematical theory (see [SM])
established, at positive e, the robust realizability of all three wave types as well as interesting
half smooth traveling waves. Finally numerical simulations (see [PFM]), again at e positive,
confirm a theory for reflection and transmission of waves impinging on precipitation zones.

Given all the above mentioned formal results it is extremely interesting to pass to the zero
relaxation limit in (0.1) and to prove rigorously the existence and uniqueness of suitable
weak solutions for the limiting problem. This is the main topic of this note.

The paper is organized as follows: The first part of Section 1 contains a preliminary
discussion of (0.1) at e positive including energy estimates for first derivatives and a new
L?-contraction property. In Section 2 we prove the existence of weak solutions of the
problem obtained at the limit ¢ — 0 and we develop an intrinsic characterization of the
problem as a variational inequality. The proof of the uniqueness of the weak solutions is

established in Section 3. Concluding remarks are presented in Section 4.

1. PRELIMINARY ENERGY ESTIMATES AND L?-CONTRACTIONS

After some straightforward algebraic manipulations (0.1) can be written in the more
convenient form
w; + B(y)ut = VT,
(1.1) (q+T): — (1 —Q)divu = P, in R? x (0,00),
(q—aT —q§); + (Q + a)divu = —(1 — a)P.
For the interpretation of the results below it is convenient to introduce two new variables,

namely the equivalent temperature, T, and the equivalent moisture, g, given respectively



by

(1.2) { feza+t

Ge = q— T —4q,
and to rewrite (1.1) as

w + By)ut = (1+0a) (VT + Vae),
(1.3) T.: — (1 — Q)divau = 0, in R2 x (0,00),
Qe + (Q + @)div 11— a)e(ge)-

We continue stating some basic energy estimates for the solutions of (0.1). In what follows
to emphasize the dependence of the solutions of (0.1) on &, we write U¢ = (u®, T, ¢°) for
the solution of (0.1). The independent of £ energy estimates on U¢ and its first spatial
derivative DU® were already established in [FMP], while the one for Uf follows in exactly
the same way. Finally the estimate for g.¢(q.) is obtained after a straightforward integration
using the information on |U¢||; and ||Uf||1, where ||f]lo and || f||1 denote respectively the
L? and H'-norms in R? of f. Note also that throughout the paper we denote by C positive
constants which depend on the data and may change from line to line.

Before we state the results we introduce the assumptions we need on the initial datum
U§. It is worth mentioning that all the numerics done for (0.1) use the same conditions.

Throughout the paper we assume that, for some C' > 0, which is independent of ¢,

(1.4) [(u, 75, 95) I < C,

and

(L5) 1Pl = [ (=~ olaco)?ds < €,
where

de,0 = qo — &Iy — q.

Note that (1.5) is equivalent to
(1.6) / (ge, 0)2dx < O
{Q5 020}

The energy estimates following directly from [FMP] are:

Theorem 1.1. Assume (0.3), (0.6), (0.5), (1.4) and (1.5). For each M > 0, there exists a
positive constant C' = C (M) that depends on only the bounds in (1.4) and (1.5) such that

(1.7) mazo<i<m (||, 7%, ¢%) (-, Ol + [(ug, Tr, g7) (D)) < C



(1.8) // £é(qf)dadt < Ce.

The L?-contraction property of the solutions of (0.1) is

Theorem 1.2. Assume (0.3), (0.6), (0.5), (1.4) and (1.5) and, for i = 1,2, let U =
(us?, T, ¢ be the solution of (0.1) with initial datum Ug’i. Then

(1.9) |US2(,8) = U2 (1)l < 1T — Ug?lo.

Proof. Using the notation

Au = us2 — ue,l’ Aut = us2t — 6,147
{ AT =T%2 -7, Aq=¢%—¢', and AP = P52 psl
we obtain
(Au); + B(y)Aut = VAT,
(1.10) (AT); — divAu=AP in R?x (0,00),
(Aq): + QdivAu = —AP.

Finally arguing as in [FMP], we get, always in R? x [0, M],

(Ag+ QAT); = —(1 - Q)AP,
111 (Aq — aAT); + (Q + a)div(Au) = —(1 + a)AP,
o (Aq+ QAT)} = —2(1 - Q)AP(Aq + QAT),
[

(AT)? 4 (Au)?], = 2ATAP.

Adding the equations in (1.11) and integrating over R?, we find

[J((AT)? + |Aul* + (1 - Q)(a + Q) ' (Ag + QAT)?)dz];
=2 [((AT — (o + Q) 1 (Agq+ QAT))AP)dx
—(a+ Q)7 [(AP(Aq — aAT))dz < 0.
The last inequality is due to the fact that, in view of the assumption on the source term

P, we have
AP(Aq— aAT)) = p(¢5?) — (g5 — &) > 0.

The claim now follows using (0.6). O



2. EXISTENCE OF WEAK SOLUTIONS AT THE ZERO-RELAXATION LIMIT

We study here the zero-relaxation limit, ¢ — 0, of (0.1) using the estimates of Theo-

rem 1.1. Since, for any ¢,y € [0, M], there exists Cs such that
||(UE,T€7QE)(‘,1}1) - (usstaqE)('7t2)H0 < C(]\/[|7':1 - t2‘7

the classical Lions-Aubin Lemma (see [MB]) yields that, along subsequences which we

denote the same way as the whole family, ¢ — 0,

(2.1)
(0, 7°,¢°) = (u,T,q)  weakly in C([0, M]; (H'(R?))®) and Lip([0, M]; (L*(R?))?),

and, for any compactly supported p € C®(R?),

(2.2)  p(us,T%,¢°) — p(u,T,q) strongly in C([0, M]; (H*(R?))3) for all s € [0, 1).
It is then immediate that, along subsequences € — 0,

(2.3) 6 — g weakly in C([0, MJ; H'(R)) x Lip([0, M]; L2(R2)),

and, for any compactly supported p € C*(R?),

(2.4) pqS — pge  strongly in C([0, M]; H*(R?))  for all s € [0,1).

The first observation is the following constraint for the limit g. of the ¢’s.

Proposition 2.1. Assume the hypotheses of Theorem 1.1. Then any limit q. of the ¢:’s
satisfies ge < 0 a.e. in R? x (0, 00).

Proof. Fix M > 0. It follows from Theorem 1.7 and the form of ¢ that there exists C > 0
such that, for each R > 0,

M
// EP(qS)dzdt < Ce.
0 |z|[<R

Letting € — 0 and using (2.4) we find

M
// Qegb(Qe)dxdt <0,
s lz|<R

which, in view of (0.5), yields the claim. O

Next we observe that the energy estimates and Proposition 2.1 also yield that U =
(u,T,q) assumes the initial data Uy = (ug, Ty, qo), and, moreover, in view of (1.5), geo =
qo — a1y <0 a.e. in R2.

We derive now the variational inequality satisfied by U. The result is:



Theorem 2.1. Assume the hypotheses of Theorem 1.7 and let (u,T,q) be any limit, as
e — 0, of (05, T°,¢°). Then, in R? x (,00),

u ut = VT,
(25) { (;i:fsty)— (1 —Z‘g) divu = 0,
(2.6) Get + (Q + a) diva <0,
(2.7) g <0,
and
(2.8) Gt +(Q+a) diu=0 ae in {g <0}

Proof. 1t is immediate that (2.5) holds, while (2.7) is the assertion of Proposition 2.1 and

(2.2) and (2.8) are immediate from the equation
¢+ (Q+a) divu=—(1+a)P° <0.
U

Note that (2.2), (2.7) and (2.8) are written in the classical variational formulation fol-
lowing [KS]. The information carried by (2.2), (2.7) and (2.8) can also be expressed as in

the following proposition.

Proposition 2.2. Assume the hypotheses of Theorem 1.7, fizt M > 0 and let (u,T,q) be
any limit of (u®,T¢,¢%). Then, for all € L*(R? x [0, M]) such that 1) <0 a.e.,

(2.9) //(qe,t —(Q + a)diva)(ge — )dzdt < 0.
0

Proof. Using that
Ger + (@ + ) divu® = —(1 + o) P,
for any ¢ € L?(R?), we have

7/(q§7t —(Q + ) divu) (¢ — ¥)dxdt = —(1 — « //P‘E )dxdt.
0
M
O//P P)dxdt = e~ //¢qe ¢ —¢)dzdt =
M

M
— —1 € g ~1 R -
= !Aqg<0} ¢(Qe)(qe T/J)da?dt +e€ O//{qg>[)} ¢(Qe)(qe w)dwdt

But



Since, for any nonnegative 1, ¢ — ¢ > 0 in {¢¢ > 0} and ¢(r) = if r <0,

M
0//p (¢F — ¥)dwdt > 0,

and the conclusion follows from (2.4). O

3. UNIQUENESS OF WEAK SOLUTIONS OF THE VARIATIONAL INEQUALITY

We prove here that weak solutions of the variational inequality (2.5), (2.2), (3.1) and
(2.8) are unique.
We have:

Theorem 3.1. For any Uy € (H'(R?))3 such that qo — aTy < 0 in R?, there exists at most
one solution U € (H'(R?) x [0, M]))> N C([0, M]; (H'(R?))*) N Lip([0, M]; (L*(R?))?), for
each M >0, of (2.5), (2.2), (2.7) and (2.8).

For the proof of Theorem 3.1 we need a result similar to Proposition 2.2, the only differ-
ence being the fact that here is derived it directly for weak solutions of (2.5), (2.2), (2.7)
and (2.8).

We have:

Proposition 3.1. Fiz M > 0 and let (u,q.) € (H'(R?))? be a solution of (2.5), (2.2),
(2.7) and (2.8). Then, for 1 € L*(R? x [0, M]) such that ) <0 a.e.,

M
(3.1) | e+ @) divw)a vzt <o

Proof. The claim follows immediately from the observation that, if F € H(R? x [0, M])
satisfies, for some G € L*(R? x [0, M]),

(3.2) F,+G<0 ae in R?x[0,M] and F,+G=0 in{F <0},

then, for any ¢ € L?(R? x [0, M]) such that 1 <0 a.e.,

(3.3) /0 " / (Fy + G)(F — )dudt < 0.

Indeed, if x4 denotes the characteristic function of the set A,

M M
/ / (Fi + G)(F — v)dwdt / / (Fy + @) virooy (F — ) + Xgpeoy (F — ))dudt.
0 0

Since x{p>0y(F — %) > 0 (recall that 1 is non positive), the claim for F' follows from
(3.2), and, hence, (3.1) holds. O



We proceed now with the

Proof of Theorem 3.1. Fix M > 0 and let U, U? € (HY(R?x[0, M]))* N C([0, M]; (H*(R?))?) N Lip([0, M];
be two solutions of (2.5), (2.2), (3.1) and (2.8) with the same initial data.

In view of Proposition 3.1, for any non positive 1) € L?(R? x [0, M]), we have, for i = 1,2,

M
(3.4) | [+ @+ o) div wiai — vyaoit <o
and
M . . — . .
(3.5) | [+ 7= 0= @ div wial = v)dad =0,

Multiplying (3.4) by 1 — @ and (3.5) by Q + « and adding the resulting inequalities we
find, for i =1, 2,

M
/0 / (Q+a)(q" + T+ (1 — Q)(¢" — oT" — §))i(q} — )dadt < 0,

and, hence,

M
(3.6) | [+ Qriut — s <.

Using in (3.6) ¢ = ¢2 ifi = 1 and ¢ = ¢! if i = 2 and adding the resulting two inequalities

we get

M _
(3.7) /O / (@ — a) + QT — TYNi((¢ — ') — (T — T"))dadt < 0.

Observe next that, if Ag = ¢> — ¢! and AT = T2 — T", then
(Aq+ QAT)(Aq + QAT); = (Aq — aAT)(Aq + QAT+

((Agq+ QAT) — (Agq — aAT))(Ag + QAT):.

Hence, in view of (3.7),

M M
/0 /(Aq + QAT)?dzdt < 2(Q + «) /0 /(Aq + QAT); AT dxdt =

M
2 / / (Q + ) (Aq + ATVAT + (Q — 1) AT(AT),)dxdt,
0

and, finally,

(3.8) /0 " / (Ag+ QAT+ (1- Q) (AT?)dwdt < 2(G+a) /0 " / (AQ+AT) ATdzdat.



However, since
(Ag+ AT); — (1 — Q) divAu =0,

we get

M M
(3.9) / / (Aq + AT),ATdzdt = (1— O) / / div(Au)ATdxdt.
0 0
Combining (3.8) and (3.9) we find

M M
/ / (Aq+ Q) + (1 — Q)(AT)?)idadt < 2(Q + a)(1 — Q) / / div(Au)ATdzdt.
0 0

Finally , since

M M
/ /(AU)t - AUdzdt = / /VAT - AUdzdxt,
0 0

we obtain
M
| [0+ @2 + (1= (AT + @+ )1 - QAU ot < 0.

The uniqueness now follows in view of (0.6). O

4. CONCLUDING REMARKS

In Sections 2 and 3 we established the existence and uniqueness of weak solutions to
a novel hyperbolic free boundary problem arising in tropical meteorology. Clearly the
arguments can also be used to study the same system in N-space dimensions. It is worth
mentioning that the hypotheses on the rotation coefficient 3(y) were utilized to avoid subtle
issues at infinity. Weakening (0.3) could require the use of special weighted Sobolev spaces in
the limiting estimates ([DMS]). There is (see [FMP]) an interesting more complex version of
(0.1) involving coupling with the barotropic model. Obtaining higher order energy estimates
for this problem is a hard unsolved problem. The models discussed here are excellent ones
for understanding the precipitation fronts at large scales in GCM’s. The actual behavior as
observed in nature is captured in a much more realistic fashion by more complex multi-cloud
models [KM3, KM4| with large scale instability.
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